Abstract. We exhibit a distinctly low-dimensional dynamical obstruction to the existence of Liouville cobordisms: for any contact 3-manifold admitting an exact symplectic cobordism to the tight 3-sphere, every nondegenerate contact form admits an embedded Reeb orbit that is unknotted and has self-linking number −1. The same is true moreover for any contact structure on a closed 3-manifold that is reducible. Our results generalize an earlier theorem of Hofer-Wysocki-Zehnder for the 3-sphere, but use somewhat newer techniques: the main idea is to exploit the intersection theory of punctured holomorphic curves in order to understand the compactification of the space of so-called "nicely embedded" curves in symplectic cobordisms. In the process, we prove a local adjunction formula for holomorphic annuli breaking along a Reeb orbit, which may be of independent interest.
Contact structures arise in the context of Hamiltonian dynamics via the notion of convexity: a convex hypersurface in a symplectic manifold naturally inherits a contact structure, and the orbits of its Reeb vector field then match the Hamiltonian orbits defined by any Hamiltonian function that has the hypersurface as a regular level set.
In this paper, we consider contact structures that are induced on convex and concave boundaries of symplectic manifolds, i.e. symplectic cobordisms. Our main theorem relates the existence of exact symplectic cobordisms between given contact manifolds to a dynamical condition on their Reeb vector fields. In particular, we will restrict attention to dimension three and discuss the existence of closed Reeb orbits γ : S 1 → M that are not only contractible but also unknotted, meaning γ = f | ∂D 2 for some embedding f :
where D 2 ⊂ C denotes the closed unit disk. All definitions relevant to the following statements may be found in §2.1.
Theorem 1.1. Assume (M, ξ) is a closed contact 3-manifold that admits a Liouville cobordism to the standard contact 3-sphere (S 3 , ξ std ). Then for every nondegenerate contact form α on (M, ξ), the Reeb vector field R α admits a simple closed orbit γ whose image is the boundary of an embedded disk D ⊂ M . Moreover, the Conley-Zehnder index and self-linking number of γ with respect to D satisfy µ CZ (γ; D) ∈ {2, 3} and sl(γ; D) = −1.
A minor variation on the same techniques in the spirit of [Hof93] will also imply the following: Theorem 1.2. Assume (M, ξ) is a closed contact 3-manifold and that either of the following is true:
(1) M is reducible, i.e. it contains an embedded 2-sphere that does not bound an embedded ball; (2) (M, ξ) admits a Liouville cobordism to an overtwisted contact manifold.
Then for every nondegenerate contact form α on (M, ξ), the Reeb vector field R α admits a simple closed orbit γ whose image is the boundary of an embedded disk D ⊂ M such that µ CZ (γ; D) = 2 and sl(γ; D) = −1.
the corresponding Liouville form to L is exact. A result of Francesco Lin [Lin] guarantees that such caps always exist after stabilizing Λ sufficiently many times. Now suppose U L is an open neighbourhood of L in [1, ∞) × S 3 , where the latter is viewed as sitting on top of the standard Weinstein filling B 4 of (S 3 , ξ std ). This neighbourhood can be choosen such that, after smoothing corners, B 4 ∪ U L is a Weinstein filling of some contact 3-manifold (M, ξ), and [1, T ] × S 3 \U L for suitable T > 1 defines a Liouville cobordism W + from (M, ξ) to (S 3 , ξ std ), see Figure 1 . Using a Morse function on L that has one index 2 critical point and an inward gradient at ∂L, one can find a Weinstein handle decomposition of B 4 ∪ U L having exactly one 2-handle (see Remark A.2), thus B 4 ∪ U L is not subcritical, and it follows from the uniqueness of Stein fillings in the subcritical case [CE12, Theorem 16.9(c)] that (M, ξ) is not subcritically fillable. For more details on this construction, see Appendix A.
One can now use a well-known result of Eliashberg [Eli90, CE12] to extract from this example contact 3-manifolds other than (S 3 , ξ std ) to which Theorem 1.1 applies but Theorem 1.2 does not. Indeed, while (M, ξ) = ∂(B 4 ∪U L ) could be reducible, it is Stein fillable and therefore tight, so Colin [Col97] (see also [Gei08, §4. 12]) provides a prime decomposition (M, ξ) = (M 1 , ξ 1 )# . . . #(M k , ξ k ), and Eliashberg's theorem implies that B 4 ∪ U L must be Weinstein deformation equivalent to a domain obtained by attaching Weinstein 1-handles to Weinstein fillings of the summands. But the summands cannot all be S 1 × S 2 since (M, ξ) is not subcritically fillable, so at least one of them is an irreducible tight contact 3-manifold admitting a Liouville cobordism to (S 3 , ξ std ).
Corollary 1.7. The contact 3-manifolds (M, ξ) described in Example 1.6 and their prime summands all admit unknotted Reeb orbits with ConleyZehnder index 2 or 3 and self-linking number −1 for every choice of nondegenerate contact form.
The construction outlined in Example 1.6 also works in higher dimensions using the exact Lagrangian caps of Eliashberg-Murphy [EM13] , cf. Appendix A. In this case it produces Weinstein subdomains of the standard ball which are presumably flexible in the sense of [CE12] . Recently, Murphy and Siegel [MS] have also found examples of nonflexible Weinstein subdomains in the standard ball, whose boundaries therefore also satisfy the hypothesis of Theorem 1.3. Remark 1.8. It is not known whether any contact 3-manifolds satisfy the hypothesis of Theorem 1.2(2) without being overtwisted, though Andy Wand [Wan] has proved that the answer is no under the stronger condition that the cobordism is Stein. Theorem 1.2(2) may thus be interpreted as a small measure of support for the conjecture that Wand's theorem extends to Liouville cobordisms (cf. [Wena, Question 5]).
We remark that the word "Liouville" definitely cannot be dropped from the statements of any of the above theorems: for instance, any Lagrangian torus in the standard symplectic R 2n gives rise to a strong symplectic cobordism from the unit cotangent bundle of the torus to (S 2n−1 , ξ std ), but one can easily find contact forms on the former that have no contractible Reeb orbits, corresponding to metrics on the torus with no contractible geodesics. The cobordism of course cannot be Liouville because, by a well-known theorem of Gromov [Gro85] , the Lagrangian torus cannot be exact. Similarly, [Gay06] and [Wen13b] show that every contact 3-manifold with positive Giroux torsion is symplectically cobordant to something overtwisted, including e.g. the nonfillable tight 3-tori, which admit contact forms without contractible orbits.
Applications.
Here is a specific situation in which Theorem 1.1 can be used to rule out the existence of exact symplectic cobordisms. Good candidates for manifolds that fail to satisfy the conclusion of the theorem are furnished by the universally tight lens spaces L(p, q) for p = 1. Recall that L(p, q) is defined as the quotient
where G p,q ⊂ U(2) denotes the cyclic group of matrices e 2πik/p 0 0 e 2πikq/p for k ∈ Z p , acting on the unit sphere S 3 ⊂ C 2 by unitary transformations. This action preserves the standard contact form α std = 1 2 2 j=1 (x j dy j − y j dx j ) on S 3 , written here in coordinates (z 1 , z 2 ) = (x 1 + iy 1 , x 2 + iy 2 ), so the standard contact structure ξ std on L(p, q) is defined via this quotient. Proposition 1.9. For every relatively prime pair of integers p > q ≥ 1, L(p, q) admits a nondegenerate contact form with only two simple closed Reeb orbits, both of them nondegenerate and noncontractible.
Proof. We present (L(p, q), ξ std ) as a quotient of the so-called irrational ellipsoid. Let α H := 1 H α std on S 3 , where H is the restriction to the unit sphere S 3 ⊂ C 2 of the function H(z 1 , z 2 ) = |z 1 | 2 a 2 + |z 2 | 2 b 2 for some a, b > 0. The closed orbits for the Reeb flow on S 3 determined by α H are then in bijective correspondence with the closed orbits on the ellipsoid H −1 (1) ⊂ C 2 for the Hamiltonian flow of H on the standard symplectic C 2 . In particular, if a/b is irrational, then the only simple closed orbits of this flow are (up to parametrization) the embedded loops γ 1 , γ 2 : S 1 → S 3 ⊂ C 2 defined by γ 1 (t) = (e 2πit , 0), γ 2 (t) = (0, e 2πit )
for t ∈ S 1 = R/Z, and moreover, these orbits and their multiple covers are all nondegenerate. Now since α std and H are both invariant under the action of U(1) × U(1) ⊂ U(2), which contains G p,q , α H descends to a welldefined contact form on L(p, q), and this contact form is nondegenerate. But the orbits γ 1 and γ 2 project to orbits in L(p, q) that are p-fold covered, so their underlying simple orbits lift to the universal cover S 3 → L(p, q) as non-closed paths since p > 1, hence they are noncontractible.
Corollary 1.10. For every pair of relatively prime integers p > q ≥ 1, (L(p, q), ξ std ) admits no exact cobordism to (S 3 , ξ std ).
Remark 1.11. The Reeb flow on any universally tight L(p, q) admits a contractible Reeb orbit since π 1 (L(p, q)) is torsion, so previously known criteria for excluding such cobordisms do not apply.
While the lens space example is relatively easy to work with, the nondegeneracy of a contact form is usually a rather difficult condition to check, and for this reason one might sometimes want to have the following technical enhancement of Theorems 1.1 and 1.2. It will be an immediate consequence of our proofs, requiring only that one pay closer attention to the relationship between periods of orbits and energies of holomorphic curves. Theorem 1.12. Assume (M, ξ) satisfies the hypotheses of either Theorem 1.1 or Theorem 1.2, and fix a contact form α 0 for (M, ξ). There exists a constant T > 0, dependent on α 0 , such that the following holds: suppose α = f α 0 is a contact form on (M, ξ) such that
(1) f : M → (0, ∞) satisfies f < T , and (2) All closed Reeb orbits for α with period less than T are nondegenerate. Then the Reeb flow of α satisfies the conclusions of Theorems 1.1 or 1.2 respectively, and the unknotted orbit can be assumed to have period less than T .
One could apply this in practice if e.g. α 0 is Morse-Bott and admits no unknotted Reeb orbits, as then one can define perturbations of α 0 as in [Bou02] whose orbits up to some arbitrarily large period are nondegenerate and still knotted-the topology of orbits with large period may be harder to control, but for Theorem 1.12 this does not matter. Remark 1.13. We have chosen to adopt a mainly contact topological perspective on the main theorems of this paper, but for other purposes (e.g. quantitative Reeb dynamics, cf. [GZ13a, §3.23]), one could also state more quantitatively precise versions of Theorem 1.12.
Note that no such enhancement is necessary for Theorem 1.3, which does not require nondegeneracy, see Remark 1.15.
1.4.
Outline of proofs, part 1: seed curves and compactness. All proofs of theorems in this paper follow a similar scheme, which in the case of Theorems 1.1 and 1.3 can be described as follows. Suppose (W, dλ) is a Liouville cobordism from (M, ξ) to a standard contact sphere (S 2n−1 , ξ std ), and let (W , dλ) denote the completion obtained by attaching cylindrical ends in the standard way (see §2.3). Then the positive end of W can be assumed to match the top half of the symplectization
where α std is the standard contact form, defined by restricting the Liouville form λ std := n j=1 (x j dy j − y j dx j ) to the unit sphere. We will assume also that the negative end matches ((−∞, 0] × M, d(e r α)) where α is (after a positive rescaling) an arbitrary nondegenerate contact form for (M, ξ). (The nondegeneracy assumption was not included in Theorem 1.3, but this assumption will be easy to remove in the final step, see Remark 1.15 below.)
The first step in the proof is then to choose a suitable almost complex structure J on this symplectization that admits a foliation by a (2n − 2)-dimensional family of J-holomorphic planes, so-called "seed curves," which are asymptotic to a fixed Reeb orbit γ for α std that has the smallest possible period. We will be able to verify explicitly that these planes are Fredholm regular for the moduli problem with fixed asymptotic orbit, hence the moduli space is cut out transversely, and moreover, there exist no other curves in R × S 2n−1 with a single positive end approaching γ. Once these curves are understood, we can regard them as living in the cylindrical end [0, ∞) × S 2n−1 ⊂ W , so after extending J to a compatible almost complex structure on the rest of (W , dλ), they generate a nonempty moduli space M(J) of unparametrized J-holomorphic planes in W , all asymptotic to the same simply covered Reeb orbit in the sphere, and this moduli space is a smooth (2n − 2)-dimensional manifold for generic extensions of J since all curves in M(J) are somewhere injective. Our main task is then to understand the natural compactification M(J) of M(J), that is to say, the closure of M(J) in the space of J-holomorphic buildings in the sense of [BEH + 03] . The uniqueness of the seed curves in the positive end implies the following: Lemma 1.14. If u ∈ M(J) is a holomorphic building with a nontrivial upper level, then it has exactly one upper level, which consists of one of the seed curves in R × S 2n−1 , and all its other levels are empty.
The lemma means that the only way for a sequence of planes in M(J) to "degenerate" with something nontrivial happening at the positive end is if the planes simply escape into the positive end and become seed curves; in particular, this cannot happen to any sequence of planes that have points falling into the negative end. Theorem 1.3 can now be proved as follows. Let M 1 (J) denote the smooth 2n-dimensional moduli space consisting of curves in M(J) with the additional data of a marked point, hence there is a well-defined evaluation map
Choose a smooth properly embedded 1-dimensional submanifold ℓ ⊂ W with one end in [0, ∞) × S 2n−1 and the other in (−∞, 0] × M , and perturb it to be transverse to the evaluation map. Then
is a smooth 1-dimensional manifold, and it has a unique connected component M 0 ℓ (J) ⊂ M ℓ (J) that contains seed curves in the positive end. This component has a noncompact end consisting of a family of seed curves that escape to +∞, thus it is manifestly noncompact and therefore diffeomorphic to R. We claim now that M 0 ℓ (J) must also contain curves with points that descend arbitrarily far into the negative end. Indeed, the SFT compactness theorem would otherwise imply that every sequence in M 0 ℓ (J) has a subsequence convergent to either an element of M 0 ℓ (J) or a holomorphic building of the type described in Lemma 1.14. But the latter can only happen if the sequence escapes through the neighbourhood of +∞ in which all curves are seed curves. In particular, we obtain a contradiction by considering a noncompact sequence escaping to the opposite end of M 0 ℓ (J) ∼ = R from the one consisting of seed curves, and this proves the claim. It follows that one can find a sequence u k ∈ M ℓ (J) of curves converging to a holomorphic building u ∞ ∈ M(J) with a nontrivial lower level (see Figure 2 ). Since the cobordism is exact, every component curve in u ∞ must have exactly one positive end, and it follows that at least one of the curves in a lower level of u ∞ is a plane, whose asymptotic orbit is the contractible Reeb orbit promised by Theorem 1.3. Remark 1.15. To remove the nondegeneracy assumption from Theorem 1.3, one can take advantage of the fact that due to the exactness of the cobordism, the contractible orbit found in the above argument comes with an a priori bound on its period. Then if α is a degenerate contact form on (M, ξ) approximated by a sequence α k of nondegenerate contact forms, the above argument gives a sequence γ k of contractible Reeb orbits with respect to
UNKNOTTED ORBITS AND NICELY EMBEDDED CURVES
When holomorphic planes in an exact cobordism converge to a holomorphic building with nontrivial lower levels, at least one of them must include a plane.
α k whose periods are uniformly bounded, so by Arzelà-Ascoli, these have a subsequence convergent to a contractible Reeb orbit with respect to α. Note that if the orbits γ k are also unknotted, it is not so clear whether the limiting orbit will also be unknotted, hence the need for the more technical Theorem 1.12.
1.5. Outline of proofs, part 2: intersections. The argument described thus far is quite standard and, as mentioned earlier, is largely attributable to Hofer [Hof93] (though the use of the path ℓ ⊂ W to define a 1-dimensional submanifold of the moduli space is borrowed from Niederkrüger [Nie06] ). The arguments required for finding an orbit that is not only contractible but also unknotted are significantly subtler, and here we must make liberal use of Siefring's intersection theory [Sie11] in the low-dimensional setting.
To explain the idea, we briefly recall the notion of nicely embedded holomorphic curves, introduced by the second author in [Wen10a, Wen10b] . The precise definition will be reviewed in §2.4.5, but in essence, a holomorphic curve u :Σ → W in a completed 4-dimensional symplectic cobordism W is nicely embedded if it has the necessary intersection-theoretic properties to guarantee that it does not intersect its neighbors in the moduli space. This condition implies that the moduli space near u can be at most 2-dimensional, and in the 2-dimensional case the curves near u form the leaves of a foliation on a neighbourhood of u(Σ) in W . If W is a symplectization R × M or the image of u is confined to a cylindrical end, then being nicely embedded has the additional implication that u projects to an embedding into M , i.e. u can be written as
where the map u M :Σ → M is also an embedding. It is easy to show that the seed curves we find in the symplectization of (S 3 , ξ std ) are nicely embedded, and the homotopy invariance of the intersection theory then implies that the same is true for all curves in M(J).
The fundamental principle behind the proof of Theorems 1.1 and 1.2 is then the notion that "nice curves degenerate nicely," i.e. if a sequence u k ∈ M(J) converges to a holomorphic building u ∞ ∈ M(J), then we should expect the component curves in levels of u ∞ to be nicely embedded. This statement as such is false in full generality (see [Wen10b, Example 4.22 and Remark 4.23] for counterexamples), but we will show that it is true in the present situation. As a consequence, the plane we find in a lower level of u ∞ has the form (u R , u M ) : C → R × M , where u M : C → M is an embedding asymptotic to a contractible Reeb orbit.
There remains one complication: the fact that u : C → R × M is nicely embedded does not guarantee that its asymptotic orbit must be simply covered, i.e. the image of u M : C → M might look like an immersed disk that is embedded on the interior but multiply covered on its boundary. We will show in fact that this can happen, but only in very specific ways, and to prove it, we develop a "local adjunction formula" for holomorphic annuli breaking along a Reeb orbit.
1.6. Local adjunction. We now briefly interrupt the outline of the proof to describe a tool of more general applicability. To set the stage, suppose that α k → α ∞ is a C ∞ -convergent sequence of contact forms on a 3-manifold M , and J k → J ∞ is a corresponding sequence with each J k belonging to the usual space (see §2.1) of admissible translation-invariant almost complex structures on the symplectization (R × M, d(e r α k )). Assume then that
is a sequence of pseudoholomorphic annuli which are converging in the sense of SFT compactness to a broken curve
are J ∞ -holomorphic half-cylinders each asymptotic to a nondegenerate Reeb orbit γ with covering multiplicity m(γ); see Figure 3 . This is intended as a local picture of the neighbourhood of a breaking orbit as a sequence of smooth finite energy curves converges to a holomorphic building as in [BEH + 03] . Recall from [Sie08] that for any finite energy punctured holomorphic curve that is not a multiple cover, sufficiently small neighbourhoods of each puncture are always embedded, hence if u + ∞ and u − ∞ are not multiply covered then we are free to assume without loss of generality that both are embedded. This implies that each u k is also embedded near the boundary of [−k, k] × S 1 for sufficiently large k, but if m(γ) > 1, then u k can have finitely many double points and critical points that "disappear into the breaking orbit" in the Figure 3 . A sequence of pseudoholomorphic annuli u k converging to a broken annulus consisting of embedded halfcylinders u ± ∞ asymptotic to a doubly covered breaking orbit γ. In this case, u k can have double points that disappear in the limit.
limit. See §2.4.5 for precise definitions of each of the quantities discussed below. We let δ(u k ) ≥ 0 denote the algebraic count of double points and critical points of u k : this is a nonnegative integer that equals zero if and only if u k is embedded. The halfcylinders u ± ∞ are embedded by assumption, but if m(γ) > 1, then they may have "hidden double points at infinity" in the sense of [Sie11] , i.e. double points that must emerge from infinity under generic perturbations of the curves. We denote the algebraic counts of these hidden double points by δ ∞ (u ± ∞ ) ≥ 0; they are nonnegative integers that vanish if and only if generic perturbations of u ± ∞ remain embedded. We denote bȳ σ ± (γ) ≥ 1 the so-called spectral covering numbers of γ as in [Sie11] : these are covering multiplicities of certain asymptotic eigenfunctions of γ, and are thus positive integers that equal 1 if and only if those eigenfunctions are simply covered (which is always the case e.g. if m(γ) = 1). For one last piece of notation, we let p(γ) ∈ {0, 1} denote the parity of γ, i.e. its Conley-Zehnder index modulo 2. The result we will prove in §4 can now be stated as follows. Theorem 1.16 (local adjunction). In the setting described above, assume
is a sequence of holomorphic annuli in R × M converging to a broken pair of half-cylinders, where u + ∞ and u − ∞ are both embedded and asymptotic to a nondegenerate Reeb orbit γ with covering multiplicity m(γ), parity p(γ) and spectral covering numbersσ ± (γ). Then for all k sufficiently large,
The usefulness of this theorem lies in the fact that every bracketed term on the right hand side of the formula is known a priori to be nonnegative, so if we also know that the annuli u k are embedded, then all these terms must vanish. In that case, we will easily be able to deduce the following consequence:
Corollary 1.17. In the setting of Theorem 1.16, if u k is embedded for every k, then one of the following is true:
• γ is a simply covered orbit;
• γ is a double cover of a simply covered orbit γ ′ such that p(γ ′ ) = 1 and p(γ) = 0, and both of the half-cylinders u ± ∞ have no hidden double points at infinity.
1.7.
Outline of proofs, conclusion. In the situation at hand, our degenerating curves are all embedded, so Corollary 1.17 applies and we conclude that the breaking orbit is always either simply covered or a double cover of a negative hyperbolic orbit, what is known in the SFT literature (cf. [EGH00] ) as a bad orbit. In the first case we are done, and in the second, we will show that degenerations of this form can always be glued back together so that they are interpreted as interior points of the compactified moduli space, and the moduli space must therefore have additional degenerations besides this. In other words, breaking along bad orbits can happen, but it cannot be the only type of breaking that happens, so there is still guaranteed to be some breaking along a simple orbit somewhere, producing a nicely embedded curve asymptotic to an unknotted orbit. The resulting constraints on the Conley-Zehnder index and self-linking number of the orbit then follow by a straightforward and essentially standard topological computation.
The major differences between the above summary and the proof of Theorem 1.2 are as follows. For the first statement in the theorem, the symplectic cobordism W is taken to be symplectically trivial, i.e. its completion has the form (R×M, dλ), where λ is a Liouville form matching e r α ± near {±∞}×M , and α ± are two nondegenerate contact forms for (M, ξ), of which α − is given but α + is carefully chosen. The assumptions of the theorem then allow us to choose α + and a compatible almost complex structure J + near +∞ so that we find a smooth 1-dimensional moduli space of seed curves. Since this moduli space is only 1-and not 2-dimensional, it does not form a foliation, but the curves are still nicely embedded and the same principles therefore apply: a variation on the same argument described above leads to a nicely embedded plane asymptotic to a simple Reeb orbit for α − .
Here is an outline of the remainder of the paper. In §2, we clarify the essential definitions and review the necessary facts about punctured holomorphic curves and their intersection theory in dimension four. The purpose of §3 is then to specify the data at the positive ends of our symplectic cobordisms, construct the seed curves and prove that they are Fredholm regular and nicely embedded. Theorem 1.16 and Corollary 1.17 on local adjunction for breaking holomorphic annuli are proved in §4. Finally, §5 carries out the main compactness arguments, and §6 completes the proofs of the main theorems.
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Preparation
The purpose of this section is to fix definitions and review some known results that will be needed in the rest of the paper.
2.1. Contact manifolds and symplectic cobordisms. We begin by reviewing some basic definitions from contact geometry and the precise way in which contact manifolds arise as hypersurfaces or boundary components of symplectic manifolds.
Suppose (W, ω) is a 2n-dimensional symplectic manifold, and M ⊂ W is a smooth oriented hypersurface. We say that M is convex if there exists a Liouville vector field near M that is positively transverse to M : here a vector field V is called Liouville if its flow dilates the symplectic form, meaning L V ω = ω. This is equivalent to the condition that the dual 1-form λ := ω(V, ·) satisfies dλ = ω, and being positively transverse to M then means that the restriction α := λ| T M satisfies
This makes α a (positive) contact form on M , and the induced (positive and co-oriented) contact structure is the co-oriented hyperplane field ξ := ker α ⊂ T M . It follows from Gray's stability theorem that if V is replaced with any other Liouville vector field positively transverse to M , then the induced contact structure is isotopic to ξ, hence the contact form can be regarded as an auxiliary choice, but the contact structure is canonical up to isotopy.
Remark 2.1. In this paper, every contact structure is assumed to be cooriented and positive (with respect to a given orientation of the manifold), and contact forms are always assumed compatible with the given co-orientation.
Example 2.2. We denote by ξ std ⊂ T S 2n−1 the standard contact structure on the sphere, which arises as the convex boundary of the standard symplectic unit ball with a Liouville vector field pointing radially outward. In coordinates (x 1 , y 1 , . . . , x n , y n ) ∈ R 2n , the standard contact form α std is the restriction to S 2n−1 ⊂ R 2n of the Liouville form
Any choice of contact form α determines a Reeb vector field R α on M via the conditions dα(R α , ·) ≡ 0, α(R α ) ≡ 1. If M is a convex hypersurface in a symplectic manifold (W, ω), then the orbits of R α are precisely the orbits on M of any Hamiltonian vector field defined by a Hamiltonian function on (W, ω) with M as a regular level set; moreover, convexity implies that a neighbourhood of M is foliated by other convex hypersurfaces that have the same Reeb obits. See [Gei08] for more on contact structures, and [HZ94] for more on the convexity condition in Hamiltonian dynamics.
Given two closed contact manifolds (M − , ξ − ) and (M + , ξ + ), a strong symplectic cobordism from (M − , ξ − ) to (M + , ξ + ) is a compact symplectic manifold (W, ω) whose boundary can be identified with −M − ⊔ M + such that M − and M + are both convex hypersurfaces and the contact structures they inherit are isotopic to ξ − and ξ + respectively. Note that the orientation reversal for M − means that the Liouville vector field points inward at M − (for this reason we sometimes call M − the concave boundary component), whereas it points outward at M + . Additionally, (W, ω) is called a Liouville (or exact symplectic) cobordism from (M − , ξ − ) to (M + , ξ + ) if the transverse Liouville vector field defined near ∂W can be assumed to extend to a global Liouville vector field. This is equivalent to requiring ω = dλ for some 1-form λ that restricts to the boundary as contact forms α ± := λ| T M ± for ξ ± .
The symplectization of a contact manifold (M, ξ = ker α) is the open symplectic manifold (R × M, d(e r α)), where r denotes the coordinate on R. Its symplectic structure is independent of the choice of α up to isotopy, but α determines a special class of compatible almost complex structures J (α) on (R × M, d(e r α)) such that J ∈ J (α) if and only if:
• J is R-invariant (i.e. invariant under the flow of ∂ r );
with induced contact forms α ± at M ± , the corresponding Liouville vector fields defined near M + and M − determine collar neighbourhoods (−ǫ, 0] × M + and [0, ǫ) × M − respectively in which ω = d(e r α ± ). One then defines the symplectic completion
by extending ω over the cylindrical ends as d(e r α ± ). We shall denote by
the (nonempty and contractible) space of almost complex structures on W that are ω-compatible on W and restrict to the cylindrical ends as elements of J (α ± ). Almost complex structures of this type will be referred to simply as admissible whenever the corresponding symplectic and contact data is fixed.
2.2. Reeb orbits and the Conley-Zehnder index. Given a contact form α on a contact manifold (M, ξ) of dimension 2n − 1, a closed Reeb orbit can be regarded as a smooth map
for some T > 0, which is the orbit's period. Indeed, setting x(t) := γ(t/T ), such a map is equivalent to a path x : R → M that satisfiesẋ = R α (x) and x(t + T ) = x(t) for all t. The number T need not generally be the minimal period, hence γ may be a multiple cover γ(t) = γ 0 (kt) of another closed Reeb orbit γ 0 for some integer k ≥ 2; when this is not the case, we say γ is simple, and the map γ : S 1 → M is then an embedding. When γ is simple and dim M = 3, it makes sense to ask whether γ is unknotted, meaning it is the boundary of an embedded disk, or more explicitly there exists an embedding
whose restriction to the boundary coincides with the Reeb orbit:
To every closed Reeb orbit one can associate an integer-valued invariant, the Conley-Zehnder index, which depends on a trivialization of the contact structure along the orbit. We will recall the definition of this invariant by way of a theorem regarding asymptotic operators.
Fix J ∈ J (α) and suppose γ :
This operator is independent of the choice of connection ∇, and it is symmetric with respect to the inner product on C ∞ (γ * ξ) defined by
It also extends to an unbounded self-adjoint operator on L 2 (γ * ξ) with domain W 1,2 (γ * ξ), referred to as the asymptotic operator associated to γ. Its spectral properties have been described in [HWZ95] .
Proposition 2.3 ([HWZ95]
). With the notation above, let σ(A γ ) ⊂ R denote the spectrum of A γ , and for any λ ∈ σ(A γ ), denote the corresponding eigenspace by E λ . Then:
If dim M = 3, then the last statement implies that one can define winding numbers wind Φ (η) ∈ Z of nontrivial eigenfunctions η relative to any fixed unitary trivialization Φ of γ * ξ. The following statements then also hold:
(5) If η, ζ ∈ E λ are two nontrivial elements of the same eigenspace, then wind Φ (η) = wind Φ (ζ), hence we can sensibly denote both by wind
is 2-to-1 (counting multiplicity of eigenvalues) and increasing. Hence if two distinct eigenvalues have the same winding, they are consecutive and their eigenspaces are 1-dimensional.
It follows that one can speak of the largest negative eigenvalue and the smallest positive eigenvalue associated to the asymptotic operator, and when dim M = 3, their winding numbers relative to a chosen trivialization Φ are denoted by α
. Proposition 2.3 implies that these two numbers differ by either 0 or 1 if γ is nondegenerate, and in this case, the Conley-Zehnder index (relative to the trivialization Φ of γ * ξ) can be characterized via the relation
∈ Z, and its parity (which does not depend on Φ) by
. As these formulas indicate, µ Φ CZ (γ) depends only on the asymptotic operator and can thus sensibly be written as
With this in mind, (2.2) can also be used to compute Conley-Zehnder indices in higher dimensions, via the relation
, which holds for any collection of asymptotic operators A j with trivial kernels on Hermitian line bundles trivialized by Φ j for j = 1, . . . , m.
While µ Φ CZ (γ) depends generally on the choice of trivialization Φ, in certain situations one can make natural choices to remove this ambiguity. If γ is nullhomologous and forms the boundary of an immersed surface D in M , we define µ CZ (γ; D) ∈ Z as µ Φ CZ (γ) with Φ required to admit an extension to a unitary trivialization of ξ along D. The index in this case still depends on the choice of surface D, but this ambiguity also disappears if c 1 (ξ) = 0, which is true e.g. on (S 3 , ξ std ).
We require the following standard lemma on the behaviour of the index for multiply covered orbits in dimension three. Let
denote the k-fold cover of the orbit γ : S 1 → M for k ∈ N, and note that any trivialization Φ of γ * ξ induces a trivialization Φ k of (γ k ) * ξ.
Lemma 2.4. Suppose dim M = 3, and that γ and all its multiple covers are nondegenerate. Then for any unitary trivialization Φ of γ * ξ,
if γ is elliptic for every k ∈ N, where in the elliptic case, θ ∈ R is an irrational number determined by γ and Φ.
We will occasionally also need to deal with Reeb orbits γ that are degenerate but belong to Morse-Bott families, in which case the following definition will be convenient. If γ is degenerate, then 0 ∈ σ(A γ ) but one can find ǫ > 0 such that (−ǫ, 0)∩ σ(A γ ) = ∅. It follows that for any ǫ > 0 sufficiently small, A γ + ǫ is the asymptotic operator of a perturbed nondegenerate orbit, whose index we will denote by
. This is independent of the choice as long as ǫ > 0 is sufficiently small, and this perturbed Conley-Zehnder index gives a sharp lower bound on the indices of possible nondegenerate perturbations of γ. The winding numbers α Φ ± (γ + ǫ) ∈ Z are defined similarly after replacing A γ by A γ + ǫ, and they are then related to µ Φ CZ (γ + ǫ) by the obvious analogue of (2.2). Notice that
Finally, here is a definition that will be needed for intersection theory when dim M = 3. Observe that for integers k ≥ 2, every eigenfunction in the λ-eigenspace of A γ has a k-fold cover that belongs to the kλ-eigenspace of A γ k . In the three-dimensional case, one can use Proposition 2.3 to show that the covering multiplicity of an eigenfunction depends only on its winding number, thus all elements of the same eigenspace have the same covering multiplicity. The (positive and negative) spectral covering numbers σ ± (γ) ∈ N are defined as the covering multiplicity of the eigenspace that has winding α Φ ± (γ). 2.3. Holomorphic curves in completed symplectic cobordisms. In this subsection, fix a 2n-dimensional symplectic cobordism (W, ω) with completion W and admissible almost complex structure J ∈ J (W, ω, α + , α − ), with the restrictions of J to the cylindrical ends denoted by J ± ∈ J (α ± ).
2.3.1. Asymptotics. We will consider asymptotically cylindrical pseudoholomorphic curves u : (Σ, j) → (W , J), wherė Σ = Σ \ Γ is the result of removing finitely many punctures Γ ⊂ Σ from a closed Riemann surface (Σ, j). The set of punctures is partitioned into sets of positive and negative punctures Γ + and Γ − respectively, where z ∈ Γ ± means that one can find a biholomorphic identification of a punctured neighbourhood of z with [0, ∞) × S 1 or (−∞, 0] × S 1 respectively such that for |s| sufficiently large, u in these coordinates takes the form
for some closed Reeb orbit γ : S 1 → M ± with period T > 0, where the exponential map is defined with respect to any choice of translation-invariant metric on the cylindrical ends, and h(s, t) is a vector field along the trivial cylinder which satisfies |h(s, t)| → 0 as s → ±∞. We say in this case that u is (positively or negatively) asymptotic to γ at z, and h(s, t) is called the asymptotic representative of u at z. The asymptotic behaviour of h(s, t) is described by a formula proved in [HWZ96a, HWZ96b, Mor03, Sie08] : namely if the orbit γ is nondegenerate or Morse-Bott, then for |s| sufficiently large, h is either identically zero or satisfies (2.7)
h(s, t) = e λs (e 1 (t) + r(s, t)), where r(s, t) → 0 uniformly in all derivatives as s → ±∞, λ ∈ σ(A γ ) is an eigenvalue of the asymptotic operator of γ with ±λ < 0, and e 1 ∈ C ∞ (γ * ξ ± ) is a nontrivial element of the corresponding eigenspace.
Moduli spaces and compactness.
It is a standard fact that every asymptotically cylindrical J-holomorphic curve u : (Σ, j) → (W , J) either is somewhere injective or is a multiple cover of a somewhere injective asymptotically cylindrical curve, and moreover, the set of injective points of a somewhere injective curve is open and dense. A complete proof of this statement may be found in [Nel15] , using asymptotic results of Siefring [Sie08] .
Recall that z ∈Σ is called an injective point of u if u −1 (u(z)) = {z} and du(z) = 0, and we call u a k-fold multiple cover of another curve 
of unparametrized J-holomorphic spheres asymptotic to γ + and γ − with m marked points is defined as the set of equivalence classes of tuples (Σ, j, Γ + , Γ − , u, (ζ 1 , . . . , ζ m )) where (Σ, j) is a closed Riemann surface of genus zero, Γ + , Γ − ⊂ Σ are disjoint finite sets, each equipped with an ordering, the marked points ζ 1 , . . . , ζ m ∈Σ := Σ \ (Γ + ∪ Γ − ) are all distinct, and u : (Σ, j) → (W , J) is an asymptotically cylindrical J-holomorphic curve with positive punctures Γ + and negative punctures Γ − , such that u is asymptotic at the ith puncture in Γ ± to γ ± i for i = 1, . . . , k ± . Two such tuples are considered equivalent if one can be written as a reparametrization of the other via a biholomorphic diffeomorphism of their domains that maps marked points to marked points and punctures to punctures, with signs and orderings preserved. The topology of M m (J, γ + , γ − ) can be characterized by saying that a sequence converges if it has representatives with a fixed domain Σ and fixed sets of punctures and marked points such that the conformal structures converge in C ∞ (Σ) while the maps to W converge in C ∞ loc (Σ) and also in C 0 up to infinity (with respect to translation-invariant metrics on the cylindrical ends). We shall often abuse notation by referring to the entire equivalence class of tuples [(Σ, j, Γ + , Γ − , u, (ζ 1 , . . . , ζ m ))] forming an element of M m (J, γ + , γ − ) simply as u. In this paper we will only consider the cases m = 0, 1, abbreviating the former by
For m > 0, the evaluation map
is well defined and continuous by construction.
Recall that neighbourhoods in M m (J, γ + , γ − ) can be described as zerosets of smooth Fredholm sections in suitable Banach space bundles (see e.g. [Wen10b] ). A curve u is called Fredholm regular whenever it forms a transverse intersection of such a Fredholm section with the zero-section. The virtual dimension of M m (J, γ + , γ − ) at u is given by the Fredholm index of the linearized section at u minus the dimension of the group of automorphisms of the domain, and in the case m = 0 is also called the index of u. If the orbits are all nondegenerate, it is given by the formula
Here Φ is an arbitrary choice of unitary trivializations of ξ ± along each of the asymptotic orbits, which naturally induce asymptotic trivializations of the complex vector bundle u * T W →Σ, and c Φ 1 (u * T W ) ∈ Z then denotes the relative first Chern number of u * T W with respect to these asymptotic trivializations. This term ensures that the total expression is independent of the choice Φ. We will also need a special case of the index formula under Morse-Bott assumptions: if all positive asymptotic orbits are Morse-Bott (but possibly degenerate) and all negative orbits are nondegenerate, then
where ǫ > 0 is assumed sufficiently small (see (2.6)). Note that this is the virtual dimension of the moduli space of curves near u with fixed asymptotic orbits, i.e. the orbits are not allowed to move continuously in their respective Morse-Bott families. The index without this constraint would be larger; see [Wen10b] for an explanation of (2.9) and the constrained/unconstrained distinction. Adding a marked point generally increases the virtual dimension by 2, so M m (J, γ + , γ − ) has virtual dimension ind(u)+2m on any component that includes the curve u ∈ M(J, γ + , γ − ). A standard application of the implicit function theorem implies that the open subset consisting of Fredholm regular curves in M m (J, γ + , γ − ) admits the structure of a smooth finite-dimensional orbifold whose dimension locally equals its virtual dimension, and it is a manifold near any curve that is somewhere injective. Moreover, a standard argument via the Sard-Smale theorem (see [MS04] or [Wenc] ) shows that after perturbing J generically in J (W, ω, α + , α − ) on some open subset U ⊂ W with compact closure, one can assume that all somewhere injective curves passing through U are Fredholm regular. Similarly, Dragnev [Dra04] (see also [Wenb] ) has shown that on a symplectization (R × M, d(e r α)), generic perturbations within J (α ± ) suffice to make all somewhere injective curves regular, and this result can also be applied to any curves in the cobordism W that are contained in a cylindrical end.
If the Reeb flows on M + and M − are both globally nondegenerate or
, consisting of stable holomorphic buildings of arithmetic genus zero with m marked points. An example of a holomorphic building (with higher arithmetic genus) is shown in Figure 4 . We shall write holomorphic buildings using the notation
where
are each (possibly disconnected and/or nodal) J ± -holomorphic curves in the symplectizations R×M ± , forming the upper and lower levels respectively, and v 0 is a (possibly disconnected and/or nodal) J-holomorphic curve in W , the main level. Note that by convention, the main level is allowed to be empty (i.e. v 0 is a curve with domain the empty set) if N + or N − is nonzero. Each upper or level is defined only up to R-translation, and the same is true of all levels when W is a symplectization, in which case there is no distinguished "main" level or distinction between "upper" and "lower" levels. The evaluation map extends continuously over M m (J, γ + , γ − ) if we also compactify W by adding {±∞} × M ± to the top and bottom of the cylindrical ends, i.e. marked points in upper or lower levels are mapped to {∞} × M + or {−∞} × M − respectively.
Our notation for buildings is convenient but suppresses an additional detail that will sometimes be quite important: the data also includes a oneto-one corresondence between the positive punctures of each level (other than the topmost) and the negative punctures of the level above it, such that corresponding punctures have matching asymptotic orbits, the so-called breaking orbits. Additionally, each pair of corresponding punctures is equipped with a choice of a rotation angle for gluing the corresponding positive and negative ends along the breaking orbit-this choice is unique if the orbit is simple, but in general there are m ∈ N distinct choices if the orbit has covering multiplicity m. All of this data together is called a decoration of the building. Different choices of decoration often produce buildings that are biholomorphically inequivalent to each other and thus represent distinct elements of M m (J, γ + , γ − ).
Whenever (W, ω) is a Liouville cobordism (and in particular if W is a symplectization), Stokes' theorem prevents the existence of curves with no positive ends, sometimes referred to as holomorphic caps. The following standard result is then immediate from the definition of convergence in [BEH + 
PSfrag replacements Proposition 2.5. Suppose W is either a symplectization or the completion of a Liouville cobordism, and u k ∈ M m (J, γ, ∅) is a sequence of Jholomorphic planes converging to a holomorphic building. Then the limiting building has the following properties:
• Each connected component of each level is a punctured sphere with precisely one positive puncture.
• The lowest level has no negative punctures (so it is a disjoint union of planes).
• The top level is connected.
• There are no nodes.
We shall refer to the components without negative ends in the above lemma as capping planes; they are not to be confused with "holomorphic caps," which have only negative ends.
The converse of compactness is gluing, as discussed e.g. in [Nel13, Chapter 7]. We will only need the following special case. 2.4. The low-dimensional case. We now specialize to the case where the cobordism (W, ω) is 4-dimensional, so all contact manifolds under consideration will be 3-dimensional.
2.4.1. Indices of covers. We begin with a pair of convenient numerical observations. The first is borrowed (along with its proof) from [Hut02] .
Proposition 2.8. Suppose J ∈ J (α) for a contact 3-manifold (M, ξ = ker α), and u : (Σ, j) → (R × M, J) is a J-holomorphic branched cover of a trivial cylinder over a Reeb orbit whose covers are all nondegenerate. Then ind(u) ≥ 0, and equality can hold only when the cover is unbranched or the orbit is elliptic.
Proof. If the underlying orbit γ is hyperbolic, then the index formula gives ind(u) = −χ(Σ) ≥ 0 due to Lemma 2.4, which is an equality if and only iḟ Σ is the cylinder, in which case the Riemann-Hurwitz formula implies that the cover is unbranched. If the orbit is instead elliptic, we can make our lives slightly easier with the observation that u has the same index as that of some holomorphic building whose connected components are all thricepunctured spheres that are also branched covers of the same trivial cylinder. It therefore suffices to prove that the inequality holds for thrice-punctured spheres. If for instance u has two positive punctures at γ k and γ ℓ and a negative puncture at γ k+ℓ , then Lemma 2.4 gives ind(u) = −χ(Σ) + (2⌊kθ⌋ + 1) + (2⌊ℓθ⌋ + 1) − (2⌊(k + ℓ)θ⌋ + 1) , where χ(Σ) = −1, and the index is thus nonnegative due to the relation ⌊a + b⌋ ≤ ⌊a⌋ + ⌊b⌋ + 1. In the inverse case with one positive puncture and two negative, we get the same result using ⌊a⌋ + ⌊b⌋ ≤ ⌊a + b⌋. Proof. This is a direct consequence of the index formula (2.8) together with Lemma 2.4 and the Riemann-Hurwitz formula Z(dφ) = −χ(Σ) + kχ(Σ ′ ), where Z(dφ) ≥ 0 denotes the algebraic count of zeroes of the holomorphic section dφ ∈ Γ(Hom C (TΣ, φ * TΣ ′ )), and thus vanishes if and only if the cover is unbranched.
2.4.2. Asymptotic defect. Suppose u :Σ → W is asymptotic at z ∈ Γ ± to a T -periodic orbit γ : S 1 → M ± and has an asymptotic representative h(s, t) at this puncture that is not identically zero. Then the asymptotic formula (2.7) provides a nonzero eigenfunction e 1 ∈ C ∞ (γ * ξ ± ), and given a trivialization Φ of γ * ξ ± , one can define
If z ∈ Γ + , then α Φ − (γ) is the winding of the greatest negative eigenvalue of A γ , thus wind
, and similarly, wind
for a positive or negative puncture respectively is denoted d 0 (u; z) ≥ 0 and called the asymptotic defect of u at z ∈ Γ. Notice that it does not depend on the trivialization. The total asymptotic defect of u is then a nonnegative integer
This is well defined for any curve u that is not identical to a trivial cylinder in some neighbourhood of any of its punctures; in particular, if W is a symplectization (R × M, d(e r α)) with J ∈ J (α), then d 0 (u) is well defined for every curve other than covers of trivial cylinders.
2.4.3. The normal Chern number and wind π (u). The normal Chern number of a curve u ∈ M(J, γ + , γ − ) with all asymptotic orbits nondegenerate is defined by
where Φ is again an arbitrary choice of unitary trivializations of ξ ± along the asymptotic orbits, and the sum does not depend on this choice. The index formula and relations between Conley-Zehnder indices and winding numbers imply
where g ≥ 0 is the genus of the domain (zero in our case) and Γ 0 ⊂ Γ denotes the set of punctures of u that have even parity. In the Morse-Bott setting of (2.9), the definition of c N (u) given above remains valid, and so does (2.10)
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ALEXANDRU CIOBA AND CHRIS WENDL after interpreting Γ 0 as the set of punctures for which the perturbed ConleyZehnder index (see (2.6)) is even. One can interpret c N (u) as "c 1 of the normal bundle" when u is immersed; in particular, c N (u) then predicts the number of zeroes for a generic section in the kernel of the linearized normal deformation operator at u, see e.g. [Wen10b] . For curves in the symplectization R × M of a contact manifold (M, In particular, this implies
for any curve that is not a cover of a trivial cylinder, so c N (u) = 0 gives a homotopy-invariant sufficient condition for both the asymptotic defect and wind π (u) to vanish.
2.4.4. Self-linking numbers. Let γ be a nullhomologous transverse knot in a closed contact 3-manifold (M, ξ), let Σ ⊂ M be a Seifert surface and X a framing of γ, i.e. a non-zero section of γ * ξ. The self-linking number of γ with respect to X is then the algebraic count of intersections between Σ and a generic push-off of γ in the direction of X:
Note that this depends on X up to homotopy, but not on Σ, as a different choice of Seifert surface changes sl(γ, X) by the homological intersection number of γ with a closed 2-cycle, which vanishes since γ is nullhomologous. Replacing X with another framing changes sl(γ, X) by the relative winding of the two framings,
where wind(X 1 , X 2 ) ∈ Z denotes the winding number of the section X 1 along γ in the trivialization induced by X 2 . Note that the Seifert surface determines a canonical homotopy class of framings X Σ via the condition that X Σ should extend to a trivialization of ξ along Σ, so with this choice we shall denote sl(γ; Σ) := sl(γ, X Σ ). This depends on Σ since X Σ does, but the dependence vanishes if c 1 (ξ) = 0.
With this definition in mind, suppose γ is an unknotted Reeb orbit and u = (u R , u M ) : C → R × M is a J-holomorphic plane asymptotic to γ for which u M : C → M is embedded. The closure of u M (C) is then a Seifert disk D ⊂ M for γ, and we claim (2.14)
sl(γ; D) = wind(X D , e 1 (u)), where X D is the canonical framing determined by D as discussed above, and e 1 (u) is the nonzero eigenfunction appearing in the asymptotic formula (2.7) for the approach of u to γ. Indeed, e 1 (u) gives the direction of the approach of u to γ and is thus homotopic to the Seifert framing of γ, implying sl(γ, e 1 (u)) = 0, so sl(γ; D) = sl(γ, X D ) = sl(γ, e 1 (u)) + wind(X D , e 1 (u)) = wind(X D , e 1 (u)).
2.4.5. Siefring intersection theory. We recall here some useful properties of the intersection product on classes of J-holomorphic curves in almost complex manifolds with cylindrical ends. In [Sie11] , Siefring associates to any pair of (not necessarily J-holomorphic) asymptotically cylindrical maps u 1 :Σ 1 → W and u 2 :Σ 2 → W with nondegenerate or Morse-Bott asymptotic orbits an integer u 1 * u 2 ∈ Z, which matches the homological intersection number [u 1 ] · [u 2 ] if both curves have no punctures, and in general has the following properties. First, the pairing is symmetric u 1 * u 2 = u 2 * u 1 , and it is invariant under homotopies of asymptotically cylindrical maps with fixed asymptotic orbits; in fact, u 1 * u 2 depends only on the asymptotic orbits of u 1 and u 2 and their relative homology classes. If both maps are Jholomorphic and their images are non-identical, then the relative asymptotic results of [Sie08] imply that all intersections between u 1 and u 2 are isolated and contained in a compact subset, so by positivity of intersections, the algebraic count of intersections u 1 · u 2 is finite and satisfies
with equality if and only if all intersections are transverse. This is then related to u 1 * u 2 by u 1 * u 2 ≥ u 1 · u 2 , so the condition u 1 * u 2 = 0 gives a homotopy-invariant sufficient condition for u 1 and u 2 to be disjoint. The following computation is an easy consequence of the definition (cf. [Sie11, Prop. 5.6]): Proposition 2.10. Suppose J ∈ J (α) for a contact 3-manifold (M, ξ = ker α), and u and v are both J-holomorphic covers of the same trivial cylinder in (R × M, J) over a nondegenerate Reeb orbit with even parity. Then u * v = 0.
The intersection product also has a natural extension to holomorphic buildings such that homotopy invariance holds for all continuous deformations in the SFT topology. We will need a particular result about this extension:
) is a holomorphic building in a 4-dimensional completed symplectic cobordism, we have
where the last sum is over all orbits γ that occur as breaking orbits in v, with covering multiplicities denoted by m(γ) ∈ N.
Proof. The existence of such a formula with some Q ≥ 0 is stated in [Sie11, Prop. 4.3(4)], and our lower bound on Q can be extracted from the proof of that result. The point is the following. Using notation from [Wend], the pairing u * w can be written in general as
where u • Φ w ∈ Z denotes the relative intersection number of u and w with respect to an arbitrarily chosen asymptotic trivialization Φ, the two sums are over all pairs of positive resp. negative punctures z of u and ζ of w, γ z and γ ζ are the corresponding asymptotic orbits, and Ω Φ ± (γ z , γ ζ ) are integers determined by the winding numbers α Φ ∓ (γ z ) and α Φ ∓ (γ ζ ) (see [Wend, §4.2] for a precise formula). The same formula for u * w is valid if u and w are buildings, and the relative intersection numbers are additive across levels. The difference between v * v and the sum of the invariant self-intersection numbers of its levels is therefore a sum of terms of the form Ω Φ + (γ, γ ′ ) + Ω Φ − (γ, γ ′ ) where γ and γ ′ are pairs of breaking orbits of v. All of these terms are nonnegative, and in particular whenever γ m is a breaking orbit (with γ denoting the underlying simply covered orbit), they include
If u :Σ → W is somewhere injective and J-holomorphic, then the relative asymptotic results of [Sie08] also imply that it is embedded outside a compact subset, so there is a finite singularity count δ(u) ∈ Z, defined as the algebraic count of double points {(z 1 , z 2 ) ∈Σ×Σ | u(z 1 ) = u(z 2 ) and z 1 = z 2 } after perturbing u in a compact subset to make it immersed. Standard local results due to Micallef and White [MW95] imply that δ(u) ≥ 0 with equality if and only if u is embedded, but in contrast to the closed case, δ(u) is not generally homotopy invariant. Instead, it satisfies the generalized adjunction formula
, where δ total (u) = δ(u) + δ ∞ (u) includes an additional contribution δ ∞ (u) ≥ 0 counting "hidden" double points that can emerge from infinity under generic perturbations, and the termσ(u) ∈ N is a sum of the spectral covering numbers (see §2.2) of all asymptotic orbits, henceσ(u)−#Γ is also nonnegative. The formula implies that δ total (u) is homotopy invariant, and since δ ∞ (u) ≥ 0, the condition δ total (u) = 0 then suffices to ensure that all somewhere injective curves homotopic to u are embedded. The converse is false in general: a curve can still be embedded with δ total (u) > 0 due to hidden intersections, which can emerge from infinity under perturbations-but this can only happen if u has at least one multiply covered asymptotic orbit or at least two punctures of the same sign that approach covers of the same orbit, thus giving the following useful criterion:
Lemma 2.12. If u is a somewhere injective curve whose asymptotic orbits are all distinct and simple, then δ ∞ (u) =σ(u) − #Γ = 0.
The following is a minor improvement on a definition originating in [Wen10a, Wen10b] . Definition 2.13. An asymptotically cylindrical J-holomorphic curve u : Σ → W is called nicely embedded if it is somewhere injective and satisfies u * u ≤ 0 and δ total (u) = 0.
It is clear from the above discussion that if u is nicely embedded, then so is any other somewhere injective curve u ′ in the same component of the moduli space, and moreover, u and u ′ must then be disjoint. Nicely embedded curves arise naturally in the study of finite energy foliations, initiated in [HWZ03] . Their most important properties for our purposes are the following.
Lemma 2.14. If u ∈ M(J, γ + , γ − ) is nicely embedded then c N (u) ≤ 0 and ind(u) ≤ 2.
Proof. The first inequality follows directly from the definition and the adjunction formula (2.15), and this implies the second via (2.10).
Proposition 2.15. If u ∈ M(J, γ + , γ − ) is a nicely embedded curve with ind(u) ∈ {1, 2}, then u is Fredholm regular.
Proof. Since u is immersed by assumption and, by Lemma 2.14, satisfies c N (u) ≤ 0, it satisfies the criterion ind(u) > c N (u) for automatic transversality given in [Wen10b] . Proof. This is a mild generalization of a similar result proved in [HWZ99] for planes with simply covered asymptotic orbits. We know every u ∈ M nice is Fredholm regular by Prop. 2.15, and c N (u) = 0 due to (2.10) and Lemma 2.14. It follows that M nice is smooth and has dimension ind(u)+2 = 4, and since u * u ≤ 0 (which becomes u * u = 0 when c N (u) = 0), invariance of the intersection number implies that no two curves in M nice can intersect, hence ev : M nice → W is injective. To see that it is also an immersion, observe that for a given curve u 0 :Σ → W and marked point Proposition 2.17. Suppose W is a symplectization (R×M, d(e r α)) and J ∈ J (α). Then for any nicely embedded J-holomorphic curve u = (u R , u M ) : Σ → R × M that is not a trivial cylinder, the map u M :Σ → M is embedded.
Proof. Since c N (u) ≤ 0 by Lemma 2.14, wind π (u) = 0 due to (2.11) and u M is therefore immersed and transverse to the Reeb vector field. To show that u M injective, observe that any double point u M (z 1 ) = u M (z 2 ) can be interpreted as an intersection of u with one of its R-translations u c := (u R + c, u M ) for some c ∈ R, and c must be nonzero since δ total (u) = 0 implies that u itself is embedded. By homotopy invariance of the intersection product, u * u = u * u c ≤ 0, so such an intersection is possible only if u and u c are the same curve up to parametrization. But this would imply that u is also equivalent to u kc for every k ∈ N, so taking k → ∞, we conclude from the asymptotically cylindrical behaviour of u that its image lies in an arbitrarily small neighbourhood of a collection of trivial cylinders. This can only happen if u itself is a trivial cylinder, so we have a contradiction. Proof. If Φ is the trivialization of γ * ξ that extends over D, then the relative c 1 term in the index formula vanishes and gives the stated relation between ind(u) and µ Φ CZ (γ). By (2.2) and (2.3), this implies α Φ − (γ) = 1. Moreover, c N (u) ≤ 0 by Lemma 2.14, thus (2.12) implies that u has zero asymptotic defect, so the nonzero eigenfunction e 1 (u) appearing in the asymptotic formula (2.7) satisfies wind Φ (e 1 (u)) = α Φ − (γ) = 1. Now by (2.14), sl(γ; D) = − wind Φ (e 1 (u)) = −1.
Seed curves in the positive end
In this section we describe the seed curves that will generate the moduli spaces required for proving Theorems 1.1, 1.2 and 1.3.
3.1. The standard sphere. The following construction is for the proofs of Theorems 1.1 and 1.3.
Regarding S 2n−1 as the unit sphere in C n , fix the standard contact form α std described in Example 2.2, along with the unique admissible complex structure J std ∈ J (α std ) on R × S 2n−1 that restricts to ξ std ⊂ T S 2n−1 ⊂ C n as the standard complex structure i. Recall that the diffeomorphism
is then biholomorphic, so we can regard holomorphic curves in C n \ {0} as J std -holomorphic curves in the symplectization of (S 2n−1 , ξ std ). With this understood, define for each w ∈ C n−1 \ {0} the holomorphic plane
As a curve in R × S 2n−1 , each u w is asymptotic at ∞ to the same closed Reeb orbit in (S 2n−1 , α std ), namely
This orbit belongs to a (2n − 2)-dimensional Morse-Bott family of closed embedded Reeb orbits with period π, which foliate S 2n−1 ; indeed, they form the fibres of the Hopf fibration S 1 ֒→ S 2n−1 → CP n−1 .
Lemma 3.1. For each w ∈ C n−1 \ {0}, ind(u w ) = 2n − 2.
Proof. Abbreviate W = R × S 2n−1 . The fibres of the contact bundle along γ ∞ are naturally identified with {0} ⊕ C n−1 ⊂ T S 2n−1 ⊂ C n , so γ * ∞ ξ std has a natural trivialization, which we will denote by Φ, and it extends to a natural trivialization of the normal bundle N uw → C of u w . The latter implies c Φ 1 (N uw ) = 0, so writing u
, we observe that the asymptotic operator A γ∞ splits with respect to the obvious decomposition
into trivial complex line bundles, so we can write A γ∞ = A 2 ⊕ . . . ⊕ A m , and the trivialization Φ is now also a direct sum Φ 2 ⊕ . . . ⊕ Φ m of trivializations of these line bundles. The kernel of A γ∞ is a complex (n − 1)-dimensional space of sections along γ ∞ that point in the directions of other Hopf fibres, and its intersection with each of the summands L j for j = 2, . . . , n is a complex 1-dimensional space spanned by a section of the form
We thus have wind Φ j (η j ) = 1, and A j + ǫ therefore has a real 2-dimensional eigenspace with the smallest positive eigenvalue ǫ and winding 1. By Proposition 2.3, the largest negative eigenvalue A j + ǫ must then have winding 0, so by (2.2), µ Φ j CZ (A j + ǫ) = 1, and (2.4) then implies
Lemma 3.2. The J std -holomorphic planes u w are all Fredholm regular.
Proof. Note that the standard genericity arguments do not apply here since J std is very far from being generic. But in this case we can check regularity explicitly. Recall that by [Wen10b, Theorem 3] , it suffices to check that the linearized normal operator
is surjective, where ind(D N uw ) = ind(u w ). Here p ∈ (2, ∞), and δ > 0 is a small exponential weight, meaning that if sections η : C → N uw in the domain of D N uw are written near ∞ in cylindrical coordinates (s, t) ∈ [0, ∞)× S 1 corresponding to z = e 2π(s+it) ∈ C, then the section e δs η(s, t) must be of class W 1,p on [0, ∞) × S 1 . This definition also assumes a translationinvariant metric on R × S 2n−1 for computing L p -norms of sections along u w . Note that since p > 2, sections of class W 1,p are continuous, and we can therefore assume
From a different perspective, however, D N uw is an extremely simple operator: sections η of the normal bundle to u w : C → C n \ {0} can be identified canonically with functionsη : C → C n−1 using the obvious trivialization of N uw , and since D N uw is the linearization of the standard (and thus already linear) Cauchy-Riemann operator∂, η ∈ ker D N uw implies thatη is a C n−1 -valued holomorphic function. Under the transformation (3.1), the condition (3.2) then implies |η(z)| |z| → 0 as z → ∞, so the growth ofη at infinity is strictly smaller than that of an affine function. Complex analysis then implies that the singularity ofη at ∞ is removable, soη is constant, proving dim C ker D N uw = n − 1. The real dimension of the kernel of D N uw is thus equal to its index according to Lemma 3.1, so D N uw has trivial cokernel. Lemma 3.3. Up to parametrization, every asymptotically cylindrical J stdholomorphic curve in R × S 2n−1 with a single positive puncture asymptotic to γ ∞ and arbitrary negative punctures is either the trivial cylinder over γ ∞ or one of the planes u w .
Proof. Since no Reeb orbit in (S 3 , α std ) has period smaller than that of γ ∞ , any curve u :Σ → R × S 2n−1 of the specified type with a nonempty set of negative punctures would satisfy Σ u * α std = 0 by Stokes' theorem, and since the positive asymptotic orbit is simple, u in this case could only be a trivial cylinder. If u has no negative punctures, then it defines via (3.1) a proper holomorphic map u = (u 1 , . . . , u n ) :Σ → C n such that u 2 , . . . , u n :Σ → C are all bounded holomorphic functions that decay to 0 at the unique puncture, so these all extend to holomorphic functions on the compact domain Σ and are therefore constant. The remaining function u 1 :Σ → C has a pole of order 1 at its unique puncture, thus it extends to a nonconstant holomorphic map Σ → S 2 of degree 1, implying that Σ = S 2 and, after a suitable reparametrization,Σ = C with u 1 : C → C an affine map.
Lemma 3.4. In the case dim M = 3, the planes u w satisfy c N (u w ) = 0 and are nicely embedded.
Proof. We saw in the proof of Lemma 3.1 that µ Φ CZ (γ ∞ + ǫ) is odd and ind(u w ) = 2, so (2.10) implies c N (u w ) = 0. Since u w is embedded and has only a single simple asymptotic orbit, δ total (u w ) =σ(u w ) − 1 = 0 by Lemma 2.12. Thus by Siefring's adjunction formula,
3.2. Reducible tight contact 3-manifolds. We now describe the seed curves for the first case of Theorem 1.2. Assume M is a reducible closed oriented 3-manifold with a contact structure ξ; we are free to assume ξ is tight since the overtwisted case will be dealt with separately in §3.3 below. The reducibility hypothesis means that M is either S 1 × S 2 or a nontrivial connected sum M 1 #M 2 , and in the latter case, tightness of ξ implies via Colin's connected sum theorem [Col97] that (M, ξ) = (M 1 , ξ 1 )#(M 2 , ξ 2 ) for some tight contact structures ξ i on M i , i = 1, 2. The case S 1 ×S 2 can also be understood via connected sums since the unique tight contact structure on S 1 × S 2 is the one that is obtained from (S 3 , ξ std ) by attaching two disjoint neighborhoods in S 3 to each other via a self-connected sum. In either case, (M, ξ) contains a special embedded 2-sphere
the belt sphere of the connected sum, and ξ takes a certain standard form in a neighbourhood of S. Moreover, S represents a nontrivial element of π 2 (M ): this follows from the Poincaré conjecture after applying [Hat, Prop. 3 .1] to deduce that [S] ∈ π 2 (M ) can be trivial only if S bounds a contractible submanifold in M . The desired J-holomorphic curves in R × M can now be borrowed wholesale from a construction of Fish and Siefring [FS] . Specifically, Theorem 5.1 in their paper provides a nondegenerate contact form α + on (M, ξ) and an almost complex structure J + ∈ J (α + ), which may be assumed generic outside a neighborhood of R × S, such that there exists a nondegenerate embedded Reeb orbit γ ∞ : S 1 → M with even Conley-Zehnder index and with image in S. This orbit splits S into two hemispheres S + and S − , and there exists a pair of nicely embedded and Fredholm regular J + -holomorphic planes
ALEXANDRU CIOBA AND CHRIS WENDL with index 1, both asymptotic to γ ∞ , such that u ± M (C) is the interior of S ± . They satisfy c N (u ± ) = u ± * u ± = u + * u − = 0, and they approach γ ∞ "from opposite sides" in the sense that after suitable R-translations, one can arrange
where e 1 (u ± ) denotes the nontrivial asymptotic eigenfunction appearing in the asymptotic formula (2.7) for u ± .
Lemma 3.5. Up to parametrization and R-translation, every asymptotically cylindrical J + -holomorphic curve in R × M with a single positive puncture asymptotic to γ ∞ and arbitrary negative punctures is either the trivial cylinder over γ ∞ or one of the planes u ± .
Proof. We use Siefring's intersection theory. Fix a trivialization Φ of ξ along γ ∞ . The first observation is that since d 0 (u ± ) ≤ c N (u ± ) = 0, the eigenfunctions e 1 (u ± ) both have maximal winding α Φ − (γ ∞ ). Since µ Φ CZ (γ ∞ ) is even, Proposition 2.3 implies that there is only a 1-dimensional eigenspace
∞ ξ) of A γ∞ with negative eigenvalue and winding α Φ − (γ ∞ ), and e 1 (u ± ) ∈ E λ . Denoting the trivial cylinder over γ ∞ by R × γ ∞ , this implies
Indeed, there are no geometric intersections between u ± and R × γ ∞ since u ± M (C) is the interior of S ± , but one must still rule out asymptotic contributions, i.e. "hidden" intersections at infinity. These are characterized in [Sie11] in terms of relative winding numbers, and in the present situation, the asymptotic contribution to u ± * (R × γ ∞ ) vanishes if and only if the asymptotic representative describing the approach of u ± to R × γ ∞ at infinity has maximal winding. This is true since wind Φ (e 1 (u ± )) = α Φ − (γ ∞ ). Now suppose u :Σ → R × M is a J + -holomorphic curve with the specified properties. We claim
To see this, first use R-translation to move u ± until its image is contained in [0, ∞) × M , which is possible since u ± has no negative punctures. Then notice that since u has only one positive puncture and it is asymptotic to γ ∞ , u admits a homotopy through asymptotically cylindrical (but not necessarily J + -holomorphic) maps to a map whose intersection with [0, ∞)× M is identical to the trivial cylinder R × γ ∞ . Using the homotopy invariance of the intersection product, it follows that u * u ± = u ± * (R × γ ∞ ) = 0. Finally, let e 1 (u) denote the nontrivial asymptotic eigenfunction in (2.7) that controls the approach of u to γ ∞ at its positive puncture. If e 1 (u) ∈ E λ , then wind Φ (e 1 (u)) < α Φ − (γ ∞ ) = wind Φ (e 1 (u ± )). In this case the projections of u and u ± to M obviously intersect each other near γ ∞ , implying that some R-translation of u intersects u ± , but this is impossible by (3.3). We therefore have e 1 (u) ∈ E λ . But observe now that applying R-translations to u modifies e 1 (u) by multiplication with a positive constant, so since dim E λ = 1 and e 1 (u + ) and e 1 (u − ) have opposite signs, there exists a unique R-translation for which e 1 (u) precisely matches either e 1 (u + ) or e 1 (u − ). For concreteness, suppose e 1 (u) = e 1 (u + ). Then the main results of [Sie08] imply that unless u = u + up to parametrization, there is a nontrivial asymptotic eigenfunction controlling the approach of u to u + at their positive ends, and it lies in a different eigenspace, with winding strictly less than α Φ − (γ ∞ ). The characterization of asymptotic contributions in [Sie11] then implies that u * u + > 0, again contradicting (3.3).
3.3. Overtwisted contact 3-manifolds. If (M, ξ) is overtwisted, then Eliashberg's appendix to [Yau06] uses the following geometric picture to prove vanishing of contact homology. There is a nondegenerate contact form α + and an almost complex structure J + ∈ J (α + ) admitting an embedded Fredholm regular J + -holomorphic plane
with index 1, asymptotic to a simple Reeb orbit
with even Conley-Zehnder index, such that u ∞ is (up to parametrization and R-translation) the only nontrivial J + -holomorphic curve in R × M with one positive puncture asymptotic to γ ∞ (and arbitrary negative punctures). A more detailed version of this construction can be extracted as a special case from [Wen13a] , using intersection-theoretic arguments similar to those of §3.2 above. Since u ∞ is asymptotic to a simple orbit, Lemma 2.12 implies δ ∞ (u ∞ ) =σ(u ∞ ) − 1 = 0, and since it is also embedded, δ total (u ∞ ) = 0. Moreover, by (2.10), c N (u ∞ ) = 0, so the adjunction formula (2.15) now gives
implying that u ∞ is nicely embedded.
A local adjunction formula for breaking holomorphic annuli
The aim of this section is to prove Theorem 1.16 and derive Corollary 1.17. We assume throughout that M is a 3-manifold endowed with C ∞ -converging sequences of contact forms α k → α ∞ and admissible almost complex structures J k ∈ J (α k ), k ≤ ∞. Fix a nondegenerate closed Reeb orbit γ : S 1 → M for α ∞ with covering multiplicity m ∈ N, period T > 0 and parity p(γ) ∈ {0, 1}. We consider a sequence of J k -holomorphic annuli
where R k , R ′ k → ∞ and u k converges in the SFT topology to a broken J ∞ -holomorphic annulus u k → (u + ∞ |u − ∞ ) in which both levels are embedded and γ is the breaking orbit. More precisely, u ± ∞ are embedded J ∞ -holomorphic half-cylinders u
for some sequence r k → −∞, while
for some sequence r k → +∞. Additionally, choose diffeomorphisms ϕ − :
the natural projection, and define the continuous map
We then also require the existence of a sequence of diffeomorphisms ϕ k :
With these hypotheses understood, the statement of Theorem 1.16 is that for all k sufficiently large,
The proof is based on a relative adjunction formula in the style of Hutchings [Hut02] . We are free to assume u k is embedded near the boundary of its domain for sufficiently large k, and its tangent spaces there are close to those of a trivial cylinder. Thus if we choose a trivialization Φ of ξ = ker α ∞ along γ, this determines a trivialization of the normal bundle of u k along its boundary uniquely up to homotopy for large k. Define the relative self-intersection number of u k ,
as the algebraic count of intersections between u k and a generic perturbation of u k that is pushed in the direction of Φ near the boundary. This number depends on Φ up to homotopy. We can similarly define u ± ∞ • Φ u ± ∞ with the condition that the second copy of u ± ∞ is pushed by some small but nonzero amount in the direction of Φ both near its boundary and near infinity. The convergence
for sufficiently large k. The relative adjunction formula relates these selfintersection numbers to the count of double points and corresponding relative first Chern numbers
defined by regarding Φ as a trivialization of the normal bundle of u k or u ± ∞ over the boundary and/or near infinity-this sums with the canonical parallelization of the domains (annuli and half-cylinders) to give trivializations of the pulled back tangent bundle on these regions. Appealing again to the convergence
, so the same argument used to prove the adjunction formula for closed holomorphic curves gives the relative formula
This makes crucial use of the fact that u k is embedded near the boundary for large k, so pushing it in normal directions determined by Φ does not produce any intersections near the boundary.
The analogous story for u ± ∞ is slightly more complicated if γ has covering multiplicity m > 1, because new intersections can appear near infinity after pushing off via Φ. This phenomenon was observed in [Hut02, §3.2] and quantified in terms of the writhe of a braid determined by the asymptotic behaviour of u ± ∞ . Using notation adapted from [Sie11], we denote by i Φ ∞ (u ± ∞ ) ∈ Z the algebraic count of intersections near infinity between u ± ∞ and a small perturbation of itself via Φ. This number is only nonzero if m ≥ 2, and in that case it depends on Φ up to homotopy; in [Sie11] it is expressed as a sum of winding numbers of asymptotic eigenfunctions that control the relative approach of different parametrizations of u ± ∞ near the orbit. The bounds on these winding numbers coming from Proposition 2.3 lead to the bound
, which furnishes the definition of the number δ ∞ (u ± ∞ ) counting "hidden" double points at infinity:
Including the contribution from intersections near infinity, the relative adjunction formula for u ± ∞ takes the form u
. We are now ready to prove both the theorem and the corollary.
Proof of Theorem 1.16. We can use the various relative adjunction formulas to rewrite both the left and right hand sides of (4.1), thus Proof of Corollary 1.17. The local adjunction formula implies that if δ(u k ) = 0, then
2)σ + (γ) =σ − (γ) = 1, and (3) γ is either simply covered or has even parity.
In the case with even parity, we can derive further constraints on the multiplicity m from the condition on the spectral covering numbers: recalling Proposition 2.3, the extremal winding numbers α Φ ± (γ) for positive and negative eigenvalues match, andσ ± (γ) = 1 means that any nontrivial eigenfunction in the corresponding eigenspaces E ± is simply covered. Both of these eigenspaces are also 1-dimensional, and since γ has multiplicity m, there is a linear Z m -action on each E ± generated by the map that sends an eigenfunction e ∈ E ± to e(· + 1/m). This defines a real 1-dimensional representation of Z m , and the representation must be faithful since E ± contains simply covered eigenfunctions. Real 1-dimensional representations of finite groups can act only by ±1, so the only possibility for m > 1 is that m = 2 and the generator of Z 2 acts by −1. We claim finally that in this case, the underlying simple orbit has odd parity. Indeed, Proposition 2.3 implies that it would otherwise have two eigenfunctions with the same winding but eigenvalues of opposite sign, and E ± would then have to consist of the double covers of those eigenfunctions, which is a contradiction.
Compactness for nicely embedded planes in cobordisms
In this section we fix the following assumptions. Let (W, dλ) denote a 4-dimensional Liouville cobordism with concave boundary (M − , ξ − = ker α − ) and convex boundary (M + , ξ + = ker α + ), where λ| T M ± = α ± , with α − assumed nondegenerate and α + Morse-Bott. The symplectic completion of W will be denoted as usual by W , and we choose J ∈ J (W, ω, α + , α − ) to be generic in the interior of W such that its restriction J − to the negative end is also generic; in particular, this means that all simple J-holomorphic curves in W that pass through the interior of W have nonnegative index, and all simple J − -holomorphic curves in R × M − have index at least 1. Fix a simply covered Reeb orbit
The main objective of this section is the following theorem, which characterizes the closure in the SFT compactification of the set of planes in M(J, γ ∞ , ∅) that are nicely embedded in the sense of Definition 2.13. For application to our main theorems, the results of §3 permit us to ignore holomorphic buildings with nontrivial upper levels. has even parity.
We begin with a few preliminary observations that will be used repeatedly in the proof. Recall that by Prop. 2.5, u ∞ must have the structure of a tree, with all connected components having exactly one positive puncture and the bottom level being a disjoint union of capping planes. The top of this tree is the main level, which will always be somewhere injective since γ ∞ is a simply covered orbit. Moreover, since J is generic, Equation 2.10 and Lemma 2.14 imply that the curves u k in our sequence can be assumed to satisfy either ind(u k ) ∈ {1, 2} and c N (u k ) = 0 or ind(u k ) = 0 and c N (u k ) = −1. Note that all the building types in the above theorem have total index 2 except for Type (I), which occurs in the index 1 case. We shall denote 
where γ j,i denotes the asymptotic orbit at the unique positive puncture of v punctures in its lowest level, we can conveniently repackage this formula as
where for any punctured holomorphic curve w, we defineĉ N (w) to be the sum of c N (w) with the parities of the asymptotic orbits at all its negative punctures. Proof of Theorem 5.1. Consider first the case where all breaking orbits have even parity. We know that v 0 is somewhere injective since γ ∞ is a simple orbit, but each lower level component v − j,i could be a multiple cover, say a k j,i -fold cover of a somewhere injective curve w j,i . Each w j,i that is not a trivial cylinder satisfies ind(w j,i ) ≥ 1 due to genericity, so by Proposition 2.9,
with strict inequality unless the cover is unbranched. Thus if any k j,i is greater than 1, the fact that ind(u k ) ≤ 2 then implies ind(v
is an unbranched double cover of w j,i , and all other components in the building must have index 0. Note that if this happens, v − j,i cannot be a plane, as w j,i would then also be a plane and the Riemann-Hurwitz formula precludes the existence of an unbranched cover C → C. But u ∞ definitely also has components that are capping planes, which also must have positive index, so this gives a contradiction, proving that every v − j,i is either somewhere injective or is a trivial cylinder over an orbit with even parity. Since the curves u k converging to u ∞ are all embedded, Corollary 1.17 now implies that all breaking orbits are either simple or doubly covered bad orbits. To see that all components are also nicely embedded, we use Proposition 2.11 to write
Positivity of intersections together with Prop. 2.10 implies that all terms on the right hand side are nonnegative, hence all of them vanish, including each v j,ℓ ≥ 0; note that this is guaranteed even if they are (covers of) the same curve since R-invariance allows us to push one of them so that they have only isolated intersections. This trick only fails if both are covers of in the SFT compactification can now be described as follows. If u k ∈ M nice (J) is a sequence converging to a building with a nontrivial upper level, then the uniqueness of curves in (R × M + , J + ) implies that this building is (u ∞ | ∅), where u ∞ here is an upper level and the main level is empty. This can only be the limit if u k consists of seed curves for sufficiently large k, so a neighborhood of (u ∞ | ∅) in M nice (J) is homeomorphic to the interval (−1, 0], with (u ∞ | ∅) as the boundary point. If the limit is any building with trivial upper levels but a nontrivial lower level, then it is described by Theorem 5.1, and must in fact be a building of Type (I) since all the others in the list have total index 2. We can thus write the limit as (v 0 |v − 1 ) for an index 0 cylinder v 0 in (W , J) and an index 1 plane v − 1 in (R × M, J − ), both nicely embedded. The breaking orbit between these must be a doubly covered bad orbit due to the assumption excluding unknotted orbits. Proposition 2.6 on gluing implies that a neighborhood of (v 0 |v
is also homeomorphic to (−1, 0], with the building forming the boundary point. We've thus shown that each connected component of M nice (J) has the topology of a compact connected 1-manifold with boundary, so either a circle or a closed interval, and at least one component is of the latter type, namely the one containing the seed curves. We claim in fact that M nice (J) itself is compact.
In light of the above description, this can only fail to be true if M nice (J) has infinitely many connected components, in which case we can find a sequence of nicely embedded curves u k ∈ M nice (J) all belonging to separate components. But these curves are all homologous and thus satisfy a uniform energy bound, so they have an SFT-convergent subsequence by [BEH + 03], whose limit is in M nice (J) by definition. We conclude that M nice (J) is a compact 1-manifold with boundary. The crucial observation is now that since the breaking orbit in (v 0 |v − 1 ) is doubly covered, there are always exactly two choices of decoration which give two distinct elements of M(J, γ ∞ , ∅) having the same curves as their main and lower levels. Indeed, these cannot represent equivalent elements of M(J, γ ∞ , ∅) since the levels are both somewhere injective and thus admit no automorphisms that could change the decoration. Moreover, both buildings can be glued via Prop. 2.6 to produce smooth 1-parameter families of somewhere injective planes in M(J, γ ∞ , ∅), which will be nicely embedded since they are homologous to the seed curves, thus both buildings also belong to M nice (J). With this understood, let Proof of Theorem 1.2(1). Assume (M, ξ) is a reducible tight contact 3-manifold, and fix the contact form α + and almost complex structure J + ∈ J (α + ) described in §3.2, so there is a homotopically nontrivial 2-sphere S ⊂ M containing a simple nondegenerate Reeb orbit γ ∞ : S 1 → M that divides S into hemispheres S ± = u ± M (C) that are each images of nicely embedded J + -holomorphic index 1 planes
By Lemma 3.5, these are the only J + -holomorphic curves up to parametrization and R-translation that have a single positive puncture asymptotic to γ ∞ (and arbitrary negative punctures). Now pick an arbitrary nondegenerate contact form α on (M, ξ), and suppose it admits no unknotted Reeb orbit with Conley-Zehnder index 2 and self-linking number −1. We are free to rescale α + so that α + = e f α for some f : M → (0, ∞) without loss of generality. There is then a Liouville cobordism (W, dλ) with
which inherits the contact form α on its concave boundary M − := {0} × M and α + on its convex boundary 
defined by identifying matching pairs is thus a compact 1-manifold with exactly two boundary points, the two buildings (u + | ∅) and (u − | ∅). It follows that these two buildings belong to the same connected component in M nice (J), and the images of the curves or buildings in this component under the projection R×M → M then give a continuous 1-parameter family of disks with fixed boundary γ ∞ forming a homotopy from S + to S − in M . This is a contradiction since [S] = 0 ∈ π 2 (M ).
Proof of Theorem 1.1. Recall from §3.1 the definitions of the standard contact form α std and the almost complex structure J std ∈ J (α std ). Given a Liouville cobordism (W, dλ) from some contact manifold (M, ξ) to (S 3 , ξ std ) with λ| T S 3 = α std and a nondegenerate contact form λ| T M = α on (M, ξ), one can choose a generic J ∈ J (W, dλ, α std , α) that matches J std in the positive cylindrical end and has a generic restriction J − ∈ J (α) to the negative cylindrical end. The seed curves u w constructed in §3.1 that are contained in [0, ∞) × S 3 can then equally well be regarded as nicely embedded J-holomorphic planes in the completed cobordism W with images in the positive cylindrical end. Recall that by Lemma 3.3, every curve in R × S 3 with one positive puncture asymptotic to the particular orbit γ ∞ (and arbitrary negative punctures) is one of these planes. We will now show that if α admits no unknotted Reeb orbits with selflinking number −1 and Conley-Zehnder index 2, then it must admit one with Conley-Zehnder index 3. To this end, choose points p + ∈ S 3 and p − ∈ M , and a 1-dimensional submanifold ℓ(R) ⊂ W defined via a smooth proper embedding ℓ : R ֒→ W such that ℓ(t) = (t, p + ) ∈ [0, ∞) × S 3 for all t > 0 sufficiently large and ℓ(t) = (t, f (t)) ∈ (−∞, 0] × M for t < 0 sufficiently small, with lim t→−∞ f (t) = p − . After generic perturbations of both p − and ℓ away from +∞, we are free to assume:
(1) ℓ is transverse to the evaluation map on the moduli space of all somewhere injective J-holomorphic curves in W that are not fully contained in the positive end; (2) p − is not contained in any closed Reeb orbit; (3) R × {p − } is transverse to the evaluation map on the moduli space of all somewhere injective J − -holomorphic curves in R × M . Now consider the 1-dimensional submanifold and the image of this map clearly contains an interval of the form ℓ([t 0 , ∞)) due to the seed curves. The goal of the next two paragraphs is to show that this map is in fact surjective onto ℓ(R).
Observe first that the restriction of ev to M nice ℓ (J) is an open map due to Prop. 2.16. We claim moreover that any building u ∈ M nice ℓ (J) with ev(u) = ℓ(t 0 ) has a neighborhood in M nice ℓ (J) whose image under ev contains ℓ([t 0 , t 0 +ǫ)) or ℓ((t 0 −ǫ, t 0 ]) for sufficiently small ǫ > 0. To see this, note first that unless u is a smooth curve, it is necessarily one of Types (II) though (VI) on the list in Theorem 5.1, but our genericity assumptions impose further restrictions: since ℓ intersects the evaluation map transversely, the main level of the building must have index at least 1, excluding all options other than Type (III). We can thus write u = (v 0 |v − 1 ) for an index 1 cylinder v 0 ∈ M 1 (J, γ ∞ , γ) with a marked point, and an index 1 plane v can then be assumed to converge uniformly to (6.1) as R → ∞, implying that their algebraic count of intersections with ℓ(R) is 1 for all R > 0 sufficiently large. Choosing R 0 > 0 large and generic, the subset
is then a smooth and properly embedded 1-manifold that intersects {R 0 } × V 0 transversely at its boundary ∂U ℓ , which is a finite set of points. This 1-manifold must have at least one noncompact component, otherwise the algebraic count of points in ∂U ℓ could not be 1, hence there exists a smooth path U 0 ℓ ⊂ [R 0 , ∞) × V 0 whose image under Ψ is a smooth family of curves u t ∈ M nice ℓ (J) with t ∈ [0, ∞) such that u t → (v 0 |v − 1 ) as t → ∞. The image of this path under ev necessarily contains ℓ((t 0 , t 0 + ǫ)) or ℓ((t 0 − ǫ, t 0 )) as claimed. Now, given the lack of unknotted orbits with Conley-Zehnder index 2, the breaking orbit in the building (v 0 |v − 1 ) of the previous paragraph must be doubly covered, so that building has a twin obtained by keeping the same levels but changing the decoration, and the fact that both levels are somewhere injective implies that the two buildings are not equivalent in M 1 (J, γ ∞ , ∅). Thus the twin building can also be glued using Prop. 2.6 and produces a nearby family of curves in M nice 1 (J), some of which satisfy ev(u) ∈ ℓ(R) and whose images under ev again cover an interval of the form ℓ((t 0 , t 0 + ǫ)) or ℓ((t 0 − ǫ, t 0 )). But since no two curves in M nice 1 (J) can intersect, the curves in M nice ℓ (J) obtained by gluing the same curves v 0 and v − 1 with two distinct decorations necessarily cover two disjoint intervals, so that the entirety of ℓ((t 0 − ǫ, t 0 + ǫ)) is necessarily in the image of M With this established, we can now find a sequence u k ∈ M nice ℓ (J) with ev(u k ) = ℓ(t k ) for some sequence t k → −∞, and a subsequence of u k must again converge to one of the buildings listed in Theorem 5.1, but this time with the marked point ending up in a lower level and mapping to R × {p − }. Since p − is not in the image of any Reeb orbit, the marked point in the limit does not lie on a trivial cylinder. Transversality of R × {p − } to the evaluation map thus implies that the component with the marked point must have index at least 2, which rules out all options in the list other than Type (II): u k has a subsequence covergent to (v 0 |v − 1 ) where v − 1 is a nicely embedded plane in (R×M, J) with index 2 and an asymptotic orbit with odd parity, which is therefore simply covered. This is the promised unknotted orbit with self-linking number −1 and Conley-Zehnder index 3.
Appendix A. Liouville cobordisms from exact Lagrangian caps
In this appendix, we provide the details behind Example 1.6, using a general construction that was explained to us by Emmy Murphy. contains L as a compact and properly embedded Lagrangian submanifold with ∂L = {1} × Λ, such that the Liouville vector field ∂ t is tangent to L near ∂L and λ| T L = dg for some smooth function g : L → R. Note that since Λ is Legendrian and λ annihilates its dual Liouville vector field, g must be constant near ∂L; we shall assume without loss of generality that it vanishes there. By a combination of the Lagrangian and Legendrian neighbourhood theorems, L has a symplectic neighbourhood (U L , dλ) whose closure U L is symplectomorphic to the unit disk bundle in DT * L ⊂ T * L for some choice of Riemannian metric on L. Note that this disk bundle has boundary and corners, its boundary consisting of two smooth faces, where ST * L is the unit cotangent bundle. We shall write points in T * L as (q, p) for q ∈ L and p ∈ T * q L, and use the metric and its induced Levi-Civita connection to identify T (q,p) (T * L) with T q L ⊕ T * q L = T q L ⊕ T q L, where the first splitting comes from the horizontal-vertical decomposition given by the connection, and the second uses the isomorphism T q L = T * q L determined by the metric. The canonical Liouville form λ 0 on T * L can then be written as
where F 0 (q, p) = 1 2 |p| 2 and J is the compatible almost complex structure on T * L that acts on T (q,p) (T * L) = T q L ⊕ T q L as 0 1 −1 0 . In particular, F 0 is a J-convex function, and therefore so is for any smooth function f : L → R if ǫ > 0 is sufficiently small. Setting λ ǫ := −dF ǫ • J, dλ ǫ is then a symplectic form isotopic to dλ 0 on a suitable neighbourhood of the zero-section L, and since the antipodal map (q, p) → (q, −p) is J-antiholomorphic but preserves F ǫ , it also preserves the Liouville vector field V ǫ dual to λ ǫ , proving that V ǫ is tangent to L. Now choose f : L → R in this construction to be a Morse function that is constant with inward-pointing gradient along ∂L. After possibly shrinking the neighbourhood U L ∼ = DT * L of L, we can then assume that V ǫ points transversely inward at ∂ − U L and transversely outward at ∂ + U L . Since the Liouville field of (Z, dλ) is also tangent to L near ∂L and points inward at {1}×M ⊂ ∂Z (see Figure 1) , we can now assume after an isotopy of U L that the two Liouville fields match near ∂ − U L , meaning λ = λ ǫ on that region. We can therefore use λ ǫ to extend λ from [0, 1] × M over W − so that the dual Liouville vector field remains gradient like, making W − a Weinstein cobordism from (M, ξ) to the new contact manifold (M ′ , ξ ′ ), obtained by removing a neighbourhood of Λ from {1} × M and replacing it with ST * L.
It is also immediate from the above construction that W + is a strong symplectic cobordism from (M ′ , ξ ′ ) to (M, ξ), and the exactness of the cobordism follows from the fact that L is an exact Lagrangian. Indeed, letŮ L := U L \ ∂ − U L ∼ = DT * L|L. Since λ and λ ǫ match near ∂ − U L and are both primitives of the same symplectic form, λ − λ ǫ represents an element of the compactly supported de Rham cohomology H 1 c (Ů L ), which is isomorphic to H 1 c (L). But under restriction to L, λ ǫ vanishes and λ is exact, so this cohomology class is zero, implying λ = λ ǫ + dh on U L for some smooth function h : U L → R that vanishes near ∂ − U L . By multiplying h with a suitable cutoff function, we can then find a Liouville form on W + that matches λ ǫ near L and matches λ outside a neighbourhood of L.
Remark A.2. If W is a subcritical Weinstein filling of (M, ξ), then the Weinstein filling of (M ′ , ξ ′ ) obtained by stacking W − on top of W is never subcritical. To see this, note that the Morse function f : L → R in the above proof can always be chosen to have exactly one critical point of index n, in which case F ǫ also has exactly one critical point of index n. If W is subcritical, this produces a handle decomposition of W ∪ M W − that includes exactly one critical handle, so H n (W ∪ M W − ) = 0.
